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Gia tri 16n nhat - gia tri nhé nhat cia biéu thirc hai bién so

I- SUDUNG TAP GIA TRI:

* Bai todn: Cho cdc s6 thyc x, y théa man diéu kién F(x;y)=0. Tim gid tri 16n nhét va
gid tri nho nhét (néu cd) cua biéu thic P = G(x; y) .

e Phuwong phdp gidi chung: Goi T la tap gid tri cua P, khi d6 me T khi va chi khi h¢
phuong trinh sau c6 nghiém:
{F (x; y) =0

G(x:y)=
* Sau d6 tim cdc gid trj cua m d& h¢ (1) c6 nghiém (thuong la duwa vé diéu kién cd nghiém
cua mot phwong trinh bdc hai) r6i suy ra tap gia tri 7 cia P, tu d6 suy ra gid tri 1é6n nhat
va gid tri nhé nhét (néu c6) cua biéu thirc P =G (x;y).

(D

o Mt sé vi du minh hoa:
Vi du 1: (Pé thi dai hoc dw bi khéi A ndm 2006)

Cho hai sb thuc x, y thay d6i va thoa méin x% +xy+y* <3. Chtng minh rang:
—43-3<x? —xy-3y> <43 -3

Gidi: Dit A=x%+xy+y” vda B=x"—xy—3y°.
Goi Tla tap gid tri ctia B, khi d6 me T khi va chi khi h¢ sau ¢6 nghi¢m:
X +xy+y <3
{ ) ) (1)
X =xy=3y ' =m
e Néuy=0thi A=x><3,Idcd6 —4v3-3<0<m=x><3<4/3-3 (dpcm).

2 2
e Néu y=#0 thidit x =ry, khi d6 A:x2+xy+y2:(x+%j +3%>0 nén:

m_x*—xy-3y> t*—t-3

A X +axy+y? e+l
=13
Pit a=——— & (a-1) +(a+1)t+a+3=0 (2).
" +t+1
Hé (1) ¢6 nghiém < Phuong trinh (2) c6 nghiém (E)A:(a+1)2 —4(a-1)(a+3)20
—4/3-3 43-3
& ——<a<s .

3 3

—4f 3_m_4/3-3

A 3

, mitkhic 0< A<3 nén —4/3-3<m<4/3-3.
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Gia tri 16m nhat - gia tri nhé nhat cia biéu thirc hai bién so

Vaytap gidtricna Pl1a T = [—4\/5 -3 43 - 3] nén suy ra dpcm.

Vi du 2: (Dé thi hoc sinh giéi quoc gia nam 2005)

Cho hai sb thyc x, y thay dbi va théa man hé thirc x —3vx+1=3y+2 —y. Tim gid tri

16n nhat va gia tri nhd nhat ciia biéu thirc K =x+y.

Gidi: DKXD: x=>—-1 va y>-2.
Goi T'la tap gid tri cia K. Ta c6 me T khi va chi khi h¢ phuong trinh sau c6 nghiém:
{x—3\/x+1 :3\/y+2 -y

X+y=m

(D)

bat u=+vx+1 vav=4y+2 thi u>0,v >0 vah¢ (1) tré thanh:

m

U+v=—

3(u+v)=m 3
& ) & u, v 1a hai nghiém cua phuong trinh:

u> +v =m+3 uv:l m__m_3

20 9

2
t2—%t+%[%—m—3J:0@18t2—6mt+m2—9m—27:0 ).

Do dé hé (1) c6 nghiém (x, y) sao cho x =—1 va y >-2 khi va chi khi phuong trinh (2) c6 hai
nghiém khong am va diéu kién la:

A:—9(m2—18m—54)20

S:%ZO @%Sms9+3\/ﬁ.

2
P:m —9m—2720
18

Do d6 T:[&f;%wﬁ}

va gid tri 16n nhét ctia K 1a 9+34/15.

Vay gid tri nho nhit cia K 1a &2\/5

(C%{ R}
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Gia tri 16n nhat - gia tri nhé nhat cia biéu thirc hai bién so

II- SU DUNG BAT PANG THU'C:

® Phwong phdp chung: Mau chot ciia phirong phdp bat ddang thirc 1a phdi du dodn dugc
biéu thirc sé dat gid tri [om nhdt , gid tri nhé nhdt tai nhitng gid tri ndo ciia bién sé dé tir
do co nhitng cdch phan tich, ddnh gid thich hop.

e Mot 56 bit ding thirc cin nhé:

> BDT Co-si: %2\/;)1 (V6i x>0;y>0)

Ding thirc xay ra khi va chikhi x=y.

> BDPT Bunhiacopxki: |(a,b, +a,b ) (d +a )(bf +b22)

Ping thirc xay ra khi va chi khi <= % .
2

1

> BDT vé tri tuyét déi: x| —|y| <|x—y|<|+|+]]

2 2
o Mt sé vi du minh hoa:

Vi du 1: (Pé thi dai hoc du bi khéi A ndm 2005)

> BPT |~ 2(x+yj (v6i n nguyén duong va x 20; y=0)

Cho hai sb thuc x, y duong thay d6i . Tim gid tri nhoé nhat ctia biéu thirc:

P:(1+x)(1+%j(l+%j2.

Giai:

3
o l+x=l+o+4i>442] .
3 3 3 3

3
o 1+X:1+l+l+l24.4(lj.
X 3x 3x 3x 3x

3 2
+ ) =1+ 3 + 3 + 3 24.4[1J :>[1+ij 216.2
y YooY y \/§

<
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Gia tri 16m nhat - gia tri nhé nhat cia biéu thirc hai bién so

Suyra P = (1m)(1+%)£1+%}2 >4.4.16.4 GJS (%T E%T =256.

Vay gid tri nho nhit cua P12 256 khi x=3 va y=9.
Vi du 2: (Dé thi dai hoc dw bi khéi B ndm 2006)

Cho hai sb thuce x, y duong thay d6i théa man diéu kién x+ y > 4. Tim gid trj nho nhét

3x2+4+2+y3

cua biéu thuc A =

4x y?
Gidi
A:3—X+l+%+y=(£+lj+x+y 2| —+2+2 22‘/£l+i 233%22:2
4 x vy 4 x 2 y 8 X y- 88 2
x_1
4 x 9
Dau “=" xdy ra khi va chi khi x+y:4(:>x:y:2.VéyAmin:§khix=y=2.
R
8

Vi du 3: (Pé thi dai hoc chinh thirc khoi A niam 2006)

Cho hai sé thuc x #0 va y#0 thay ddi thoa man diéu kién (x +y)xy= X2+ yt—xy.

1
+—.

Tim gid trj 16n nhét cua biéu thirc A=—+—
XY

Giai: o
s Cach 1: (Swr dung bat dang thirc)
1 1 1 1 1
Taco: (x+y)xy=x+y’ —xye —+—=—+—5——.
Xy x0Ty Xy
Datazl, b:l,taduqc a+b=a*+b*—ab ().
X y
A:a3+193=(a+b)(az+b2—ab):(a+b)2

()& a+b=(a+b)’ —3ab.
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a+bj2 _(a+b)2
2 4

2
vi abs(‘%bj nén a+b:(a+b)2—3ab2(a+b)2—3(
= (a+b)’ —4(a+b)<0=>0<a+b<4.
Do dé A=(a+b)’ <16.
VAy gid tri 16n nhat ciia A 13 16 khi x :y:%.

s Cach 2: (Swr dung tap gid tri)
1 oey) (o) szny
B |

1
Ta co A=—3+ = =
X

E 3y? (xz—xy+y2 X —xy+y?
2 2 2
-2 . +2xy+ 9 . - +2r+1
Xét bicu thu’ch%.Dat x=ty thi B=———.
X“=xy+y " —t+1

e Néu =0 thix=0 (tri gia thiét x #0) nén r#0.
e Do (x+y)xy=x2+y2—xy<:)(x+y)xy=(x+y)2—3xynénx+y=0:>—3xy:0
(trdi gia thiét xy #0). Vay x+y#0 nén r# —1.
Goi T la tap gid tri cuia B thi:
1 +2t+1
F—r+1
< Phuong trinh (m—l)tz—(m+2)t+m—1:0 (*) co nghiém ¢ #0, t #—1.

me T & Phuong trinh m = conghiém r#0, t #-1.

e Néum=1thi phuong trinh (*) c6 nghiém ¢ =0 (loai).

A=0
e Néu m#1 thi phuong trinh (*) c6 nghiém 1 #0, r# -1 < <m—-1#£0.
3m#0
2 2
(m+2) —4(m—1) >0
O<m<4
S am#l = .
m#1

m=#0

Vi A=B’ vatdp gid tri cia Bla T =(0;4]\{1} nén tap gid tri ctia A 1a T, = (0;16]\ {1} .
Viy gid tri 16n nhat cta A 12 16.

[C%{ R} ))
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I1I- SU DUNG HINH HOC:

® Phwong phdp chung: Phuong phdp hinh hoc thuong duoc sir dung khi gia thiét bai todn
va biéu thire can tim gid tri lén nhdt hodc gid tri nhé nhadt cé dang la phirong trinh cua
mot dwong thang, dwong tron, dwong elip hodc la khodng cdch giita hai diém v.v..

® M¢t s6 vi du minh hoa:

Vi du 1: (Pé thi dai hoc dw bi khéi A nam 2004)

: G L Jx—my=2-4m \ x
Goti (x, y) 1a nghiém cua hé phuong trinh (m 1a tham s0).
mx+y=3m+1

Tim gid tri 10n nhét cta biéu thirc Q = x* + y* —2x khi m thay dbi.

Giai:
e Puong thing (dl) :x—my—2+4m=0 di qua diém cb dinh A2 ; 4).

e Duong thang (d,):mx+y—3m—1=0 di qua diém c6 dinh B(3 ; 1).
e Puong thing (dl) va (a’z) vudng géc véi nhau.

Do dé6, goi M(x, y) v6i (x, y) 1a nghiém cua hé phuong trinh thi M chay trén dudng tron

5Y 5V 5
duong kinh AB ¢6 phuong trinh (C)): (x—aj +(y—5j 25.

Ta cod Q:x2+y2—2x:(x—1)2+y2—1<:>(x—1)2+y2 =0+1.
Goi duong tron (C,): (x—l)2 +y'=0+1.
Liic d6 /(x— 1)2 +y? chinh 12 khoang cdch tir diém N(1 ; 0) dén diém M (hinh v&).

y .
A Do d6 NM 16n nhat khi va chi khi hai duong tron (C))

va (C,) tiép xtc trong (hinh v&).
< NP+ PM =NM

@@+@:@@Q:(MT_
2

2 2
2
> X Vay Qmax:(M] —1=10++/85.
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Gia tri 16m nhat - gia tri nhé nhat cia biéu thirc hai bién so

Vidu 2:

Cho hai sb thyc x, y thay dbi thoa man 36x> +16y* =9. Tim gid tri nho nhat va gid tri
16n nhét cta biéu thitc P =-2x+y+5.

Gisi:
Goi T'la tap gid tri cia P va me T khi va chi khi h¢ phuong trinh sau c6 nghi¢m:
36x%+16y* =9
{ ' (1)
—2x+y+5=m
Ta c6 365> +16y* =9 & (6x)° +(4y)* =32,
bidt X =6x,Y =4y thi h¢ phuong trinh (1) tré thanh:
X*+Y*=9
4X -3Y +12m—-60=0
Hé (1) c6 nghiém < Hé (2) c6 nghiém < Pudng tron (C): X> +Y? =9 va dudng thing
[12m —60) <315 25

S —<Sm<—.

V4?2 +32 4 4

Vay T = H;?} nén gi4 tri nho nhit cua P 1a g va gid tri 16n nhat cua P 1a %.

2)

(d):4X —3Y +12m—60 c6 diém chung <

[C%{ R}
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IV- SUDUNG VECTO:

e Phwong phdp chung: Phirong phdp vecto thirong sir dung khi biéu thirc can tim gid tri
[6m nhdt hodc gid tri nho nhat xudt hién cdc biéu thirc cé dang NA* + B> .
o Mot so bat dang thirc can nho:

>

a

a,

a+a,+..+a|<|q|+|a,|+..+]|a,

1

(Dang thirc xay ra khi a;; a,;...; a, cung hudng.)

a

.|a

> <

a,.a,

1 2

(Pang thuc xay ra khi ch; aj cung huodng.)

e Mt sé vi du minh hoa:
Vi du 1: (Pé thi dai hoc chinh thirc khoi B niam 2006)

Cho x, y 1a cdc sb thuc thay d6i. Tim gi4 tri nho nhat cta biéu thuc:

A=J(x=1) 432+ J(x+1) +y? +]y—2]

Gii: Xét cac vecto a=(1-x;y) va b=(x+1;y). Ta c6:
. ‘ZI+B‘S‘ZZ‘+‘B‘<:>WS\/(X—I)2+y2+\/(x+1)2+y2.
Do dé A22y1+y” +|y-2|=f(y).
o Véi y22 thi A>21422 =245, (1)
o Vi y<2 thi f() =241+ +2-y.

, 2 y20 1
e f'(y)= J —1=O<:)2y=\/1+y2<:){ ) , e Y=
J1+y? 4y =1+y NE)

Bang bién thién:

1
y_ |- J3 2
f) -

0 +
) | " 7
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Gia tri 16n nhat - gia tri nhé nhat cia biéu thirc hai bién so

Dua vio bang bién thién, ta cé £(y)=2++/3 hay A>2++/3. (2)
o £ N ) 1
Tu (1) va (2), ta c6 gid tri nho nhat cia A 1a 2 +\/§ khi x=0;y=—F

NE

Vi du 2: (Dé thi thir dai hoc nam 2011 - bdo Todn hoc va tudi tré sé 404/thdng 02/2011)

. ;. I 1 e x
Cho x, y la cdc s0 thyc duong thay do6i va thoa man —+— <2 . Tim gié tri nhdé nhat
Xy

ctia biéu thite: P =+/x% +3y* ++/y0 +3x* .

Gidi: Xét cic vecto ;z:(x3;y2\/§) va l;:(y3;x2\/§).
Ta c6: ‘Z:ME‘z‘hB‘ @\/x6+3y4 +\/y6+3x4 2\/(x3+y3)2+(\/§x2+\/§y2)2 .

hay P 2\/()(3 +y3)2 +3()c2 +)72)2 .

1 1 4 4
Mit khéc (x+y)| —+— [24=>x+y> >—=2
Xy I 1 2
7+7
Xy
3, .3 3 3 2
X+
va % Y > Xy :>x3+y322. 2 =2 Véx2+y22( y) 22—:2.
2 2 2 2 2

Suyra P>+/2*+3.2% =4 . Vay gid tri nh6é nhat cia Pla4 khi x=y=1.

(C%{ R}
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Gia tri 16n nhat - gia tri nhé nhat cia biéu thirc hai bién so

V- SUDUNG LUONG GIAC:

e Phwong phdp chung: ddt cdc bién theo cdc ham sé lwong gidc dé diwa biéu thirc can
tim gid tri lon nhat hodc gid tri nho nhat vé biéu thirc chira cdc ham so luong gidc.

o Mt sé kién thirc can nhé:
» néu x*+y* =1 thidit x =sinz v y=cos’.
> néu x+y=1 thidit x=sin’¢ va y=cos’z.
e Mt sé vi du minh hoa:
Vi du 1: (Pé thi dai hoc chinh thirc khoi B niam 2008)

Cho hai sb thyc x, y thay dbi va thoa man hé thirc x* + y* =1. Tim gid tri 16n nht va

) , 2 (x2 + 6xy)
gid tri nho nhat cua bi€u thitc P=———-.
14+2xy+2y

Giai:
% Cach 1: (Sw dung lugng gidc)
Vi x% +y% =1 nén dat x =sinz vd y=coss. Lic dé:

2(sin2 t+6sintcost)

P= . 5
1+2sintcost+2cos”t

(1) c6 nghiém & (P—6)" +(P+1)’ 2(1-2P)’ & -6<P<3

VAy gid tri 16n nhat ctia P 12 3 va gid tri nho nhét cua P 13 -6.

& (P-6)sin2t+(P+1)cos2t =1-2P (1)

s Cach 2: (Swr dung tap gid tri)
Goi Tla tap gid tri cua P, khi d6 me T khi va chi khi h¢ phuong trinh sau c6 nghiém:
¥ +y’=1
2 (x2 + 6xy) (D
1+2xy+2y° -
e Néu y=0thi x*=1nénm=2.
26% +12¢

£ +2t+3
H¢ phuong trinh (1) ¢6 nghiém khi va chi khi phuong trinh (2) ¢6 nghiém.

e Néu y#0 thidat x =ty, khi d6 m = @(m—Z)t2+2(m—6)t+3m:0 2)

10
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* V&1 m = 2 thi phuong trinh (2) ¢6 nghi€ém ¢ :% .

* V&1 m # 2 thi phuong trinh (2) c6 nghiém & A'= 2m* —6m+3620<-6<m<3

Vay tap gid tri cua P la doan [-6 ; 3] nén P,, =3 va P, =—6.

Vi du 2: (Pé thi dai hoc chinh thirc khéi D nam 2008)

Cho hai sb thuc x, y khong 4m thay doi. Tim gid tri 16n nhét va gid tri nho nhat ciia
(x—y)(1-xy)
(1+x)’ (1+y)°

biéu thuc P =

Giai:

s Cach 1: (Swr dung lugng gidc)

< . e
bat x = tanu, y =tanv voi u, v € {0;5)

_ (tanu—tanv)(1-tanutanv) sin(u —v)cos(u+v) 1 sin2u —sin2v

(A+tanu)’(+tanv)?:  (sinu+cosu) (sinv+cosv)® 2 (1+sin2u)(1+sin2v)

_ 1 1
2\ 1+sin2v  14sin2u )’

¢ Pon=o| L )=l i u=Svav=0@r=1vay=0.
2\170 141) 4 5
1( 1 j:—l khiuzOVévz%(:)szVély—

¢ Pup=o| -
4

2\1+1 1+0
% Cach 2: (Sir dung bét ding thirc)

Tacé‘x—y‘s‘x‘+‘y‘=x+y Vé‘l—xy‘s‘l‘+‘xy‘:1+xynén:
yd+xy) 1 1 .1
47 T4

P|< - <
[+ +A+xp] 4
e Gid tri 16n nhit ctia P bang i khix=1,y=0.

e L S ..
e (ia tri nho nhat cua P bang 2 khix=0,y=1.

(CZ{ AN }:5
11
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VI- SUDUNG DAO HAM:

e Phwong phdp chung: tir gid thiét ciia bai todn, ta bién doi biéu thirc can tim gid tri lém
nhdt hodc gid tri nhé nhat tir hai bién sé x; y vé mot bién sé nao dé (cé thé lat=x + y
hodc t = xy hodc t = x* + y*...) roi ding dao ham dé khdo sdt ham sé nay.

e Mt sé vi du minh hoa:

Vi du 1: (Pé thi dai hoc chinh thirc khéi B nam 2009)

Cho hai sb thyc x, y thay d6i va théa man (x + y)3 +4xy >2. Tim gid tri nho nhat cua

biéu thuc A:3(x4+y4+x2y2)—2(x2+y2)+1.

%0 (x+y)? = 4xy nén tir gia thiét suy ra (x+y) +(x+y)’ 22=> x+y21.
A:3(x4+y4+x2y2)—2(x2+y2)+1=%(x2+y2)2+%(x4+y4)—2(x2+y2)+1
22 () 42 () —2( )41

Suyra 422 (2 47) =2(x 4521,

(x+y)2

Détt:x2+y2,tacéx2+y22 5

>L Dods A2 2141 vei 121
2 4 2
N £ 9, . 1

Xét ham s6 f(t):Zt —2t+1 voi tZE.

Ta c6 f'(t):%t—2>0 véi moi ZZ%, suy ra rlnin f(1) :f(%jzi.
s
P SR 3 9 . 1
Vay gié tri nho nhat cua A bang 16 khi x=y= 5
Vi du 2: (Pé thi dai hoc chinh thirc khéi D nam 2009)

Cho hai s6 thyc khéng am x, y thay dbi va théa man x +y=1. Tim gid tri 16n nhat va

gid trj nho nhat cia biéu thire § = (47 +3y)(4y” +3x)+25xy.

12
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Giai:

s Cach 1: (Swr dung dao ham)

Clxy=20 y=1-x ) 4 3 5
e Vi nén suy ra dodé S=16x"-32x" +18x" —2x+12.
x+y=1 0<x<l1

o Xéthamsd f(x)=16x*—32x* +18x* —2x+12 trén doan [0 ; 1].

x:%
° f'(x) =16.4x" =323 +182x-2=0& (déu thudc doan [0 ; 1]).
2443
X =
4
. 0 2-3 1 243 .
4 2 4
Ol 191 % 191 2
16 2 16

Duya vao bang gid tri, ta két luan:

.Smin:191 khi (x;y):(z—i_\/g;z_\/gJ hOéC(x;y):(z_\/g;z‘i’\/gj.
25 1.1
e T ML) (2 2j

% Cach 2: (Sir dung bt ding thirc két hop vdi dao ham)
Do x+y=1nén S= 16xzy2 +12(x3 +y3)+9xy+25xy

= 16)c2y2 +12[(x+y)3 —3xy(x+ y)}+34xy = 16x2y2 —2xy+12.

2
+ :
Ta c6 OSxyS(x 4y) :i.Xéthém sb f(t) =16t —2¢+12 trén doan {0;%}.
1 1 191 1 25
(1)=32t-2=0=t=—va f| — |=— f| = |=—:; f(0)=12.
1) 16 ¥ f(16j 16 f(4j 2 1(0)

Vay maXf(f)=ij=% va fnigjf(r)#(%j:%.
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Gia tri 16n nhat - gia tri nhé nhat cia biéu thirc hai bién so

sl (2B 2B
1 e (xy)= PR hodc (x;y) =
16

x+y=1 |1
1 @(x;y){—;—j :

v 22

s Cach 3: (Swr dung lugng gidc)

+y=1
it
x,y=0

nén dat

véi te {0;5]
2

x=sin’t
y=cos’t

2—x/§_2+\/§

4 4

j,

Lic d6 S =16sin*tcos* r—2sin’ fcos” ¢ +12 = sin* 21‘—lsin2 2t+12

L1o1 191

2
= (sin2 2t — l)
4

16 16

Déu “=” X4y ra sin’ 2t :% < sin2t :% (vite {O;g} nén sin2¢ >0)

o= hoic r=wmire|0.X )
12 12 2

1 | S
—cos 4 _f3 . —cosg 4+3
= XxX=Smmnt= =
2 2 ,t_S_ﬂ: 2 2
. 12 . 5T
+ cos 4+3 ) +cos€ 4-3
= y=cos' t= =
2 2 2 2
=1
243 2-3) . 2-V3 2+3
1 e (xy)= ; hodc (x;y) = ; :
4 4 4 4
16
S:sin42t—lsin22t+12:sin22t sin22t—l +12<1. 1—l +12:§.
2 2 2 12

Déu “=" xay ra sin’2r =1 sin2r=1 (vi te {0;

T

[\

o= (vire {O;E} )
4 2

—} nén sin2¢ >0)

14
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Gia tri 16n nhat - gia tri nhé nhat cia biéu thirc hai bién so

x—sinzz—l x+y=1
o =" 4 2 Smaxzékm 1 o(xy)= ll
4 —coszﬁ—l 12 w= 2°2
Y 4 2
Vi du 3: (Pé thi cao ding nam 2008)

Cho hai s6 thuc x, y thay ddi va thoa man x* + y* =2. Tim gi4 tri 16n nhét va gié tri nho

nhat cta biéu thuc M = 2()63 + y3 ) —3xy.

Giai:
% Céch 1: (Sir dung bt ding thirc va dao ham)
2
+y) =2
Tacé x*+y* :2@(x+y)2—2xy:2(:>xy:(x+),dodé:

M:2(x3+y3)—3xy=2(x+y)(x2—xy+y2)—3xy=2(x+)’)(2—x}’)_3xy
:—(x+y)3—%(x+y)2 +6(x+y)+3

(x+y)2

Mit khdc 2 = x* +y* > = -2<x+y<2.

Xétham sé f(t) =~ —%tz +6¢+3 trén doan [-2;2].

=1

Ta c6 f'(t):—3t2—3t+6:0<:{; , VA f(l):g;f(z):l;f(—Z):—T

. Giétrilc’mnhétcﬁaMlégkhix = 5 hodc x = 5 ;Y=
e Gid tri nho nhit cia M 12 -7 khi x=y=—-1.

% Céach 2: (Str dung lwong gidc két hop dao ham)

e Vi xz+y2 =2 nén dat x:\/zsint; y:x/Ecost VOl te [0; 21t).

e M= 2()(3 +y3)—3xy = 4\/§(sint+cost)(1—sintcost)—6sintcost.

2
e Dat u=sint+cost:\/§sin(t+%j v6i diéu kién ue [—\/5,\/5} thi sintcost:uT1

nén M = —2\/§u3 —3u’ +6\/§u+3 .

nghia_metal @yahoo.com
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Gia tri 16n nhit - gia tri nh6 nhét ciia biéu thirc hai bién sb

o Xéthamsd f(u)=-2v2u’ —3u’ +65/2u+3 trén doan [—\/5,\/5}

u=—2
o f'(u)=-6N2u*—6u+632 =0 |

Uu=—

° f(_\/i):—7;f(%j:g;f(\/§):l nén ta c6 két luan sau:
n 1-3 1+

13 1T [T YT
*GiétrilénnhétcﬁaMla?khiu:—@ 12

2 s 1+V3 1-43

12 = 2 Y= 2

* Gi4 tri nho nhét caa M 1a -7 khi u:—ﬁ@t:—%@xzyz—l.

Vi du 4: (Dé thi thir dai hoc nam 2011 - trwong THPT chuyén Lé Quy Pon - Pa Ning )

Cho hai s6 thyc x, y duong thay d6i thoa man x + y = 1. Tim gi4 tri nho nhat ciia bicu

X Y
\/1—x+«/1—y '

thac T =

Giai:
s Cach 1: (Swr dung dao ham)

X y X I—x

+\/1—y_\/1—x+ Jxo

® Vix+y=lnénsuyray=1-x,dodo T=

-X .
voli O<x<1.

X 1
+
Vl—x \/;
2—x x+1 ( 1 1

(x)= - = _ +
A Ry TR e e d Py e et

e Tacé f'(%) =0. Ta ching minh x =% 1a nghi¢m duy nhat ciia f'(x).

e Xéthamsd f(x)=

. x>;:>O<1 x<1:> ! >0 va ! >0 nén f'(x)>0.

2\1-x 2J_ 2J(1-x) 2\/_

16
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Gia tri 16n nhat - gia tri nhé nhat cia biéu thirc hai bién so

° 0<x<1:>1 x>1:> ! <0 va
2 21— x 2J_ 2J(1-x)
e Vay x :% 1a nghiém duy nhat cta f'(x) (dpem).
BBT:
1
X 0 2
(%) -0 +

f(x) \ﬁ/

o I N . 1
Vay gid tri nho nhatcua T 1a V2 khi x =y:§.

®.

% Céch 2: (Sir dung bit ding thirc két hop dao ham)

e Pitl-x=u>0va.l-y=v>0.Licdé x+y=1 trd thanh > +v* =1 va

2 2
T:1—u +1—v :(u+v)(L—l .
u V uv
2
-1
° u2+v2:1(:)(u+v)2—2uv:1<:)uv:(u%.
(u+v)
L 1:M2+VZZTZ>M+VS\/§.

2
o (u+v) = +V +2uv=1+2uwv>1=u+v>1.

Dit r=u+v thi T = [+13[ f()Volte(lx/_]
l'_
4

F(e)=—"1"3 <0vre (V2 |= f(1)2 F(V2)=+2.
(1)

Vay gid tri nho nhat ciia T 12 /2 khi x =y =

nghia_metal @yahoo.com

<O nén f'(x)<0.
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Gia tri 16n nhat - gia tri nhé nhat cia biéu thirc hai bién so

% Cach 3: (Sir dung lwong gidc két hop dao ham)
— — oin2
Clx+y=1 .y . 4 Xx=sIn"t
Vi nén ton tai r€ | 0;— | sao cho .
x>0;y>0 2 y=cos’t
cos’ t N sin”¢ _cos’t+sin ¢ _ (sinz+cost)(1—sinzcost)
sint  cost sinfcost sinfcost '

bat a:sint+cost=\/isin(t+%j,vi te (O;gj nén 1<aS\/§.

Khidé T =

2 3
a —1 , —a’ +3a
,dOdO T:ﬁ:f((l).

Ta co sintcost =

f'(a)=L_32<0,‘v’ae (l;ﬁ]:f(a)zf(ﬁ):ﬁ.

)

Vay gid tri nho nhét ctia T1a +/2 khi x=y= %

Vi du 5: (Pé thi thir dai hoc nam 2011 - trwong THPT chuyén Quéc Hoc - Hué)

Cho a, b 1a céc s6 thyc thay d6i (@ >0). Tim gid tri nhé nhét cua biéu thirc:

T:(a—b)2 +(lna—b)2

Giai:
s Cach 1: (Swr dung dao ham)
Xétham s f(b)=(b—a)’ +(b—Ina)’ véi be R.

Ta 6 f'(b)=2(b—a)+2(b—lna)=0<:>b:a+21na.
BBT: ,
a+ Ina Duva vao bang bién thién, ta C(ZI
-0 (o 0] _1
X 2 + f(b)Zf(CH_lnaj:(a na)
f () -0 4 2 2
Xétham sd f(a)=a—Ina véia>0.
f(x) \ a + Ilna / 1f( )
o, ) flla)=1-—=0sa=1.
a

18

nghia_metal @yahoo.com



http://trithuctoan.blogspot.com/

Gia tri 16n nhat - gia tri nhé nhat cia biéu thirc hai bién so

BBT:
a |0 1 +o0
f(a) - 0 4+
fla)
) . (a—lna)2 1 . _ 1
Do d6 f(a)=1,Va>0,nén TZ?ZE. Vay T, =— khi azl;b:E.

s Cach 2: (St dung hinh hoc)
Xét diém M (b;b) thudc dudng thang (d): y = x va diém N (a;lna) thudc b thi (C) cua ham
s6 y=Inx.Ldc d6 MN? :(a—b)2 +(lna—b)2.

y Dua vao d6 thi, ta thdy MN nhé nhét khi N 1a tiép diém
oA cua tiép tuyén cua (C) song song voi dudng thang (d)
f(0) =x hx) = x-1 (hinh v¢).
. o |
" gl Dodof(xN)zgzlc)xNzl,suyra yy =0.
N >X  Va M 1a hinh chiéu vudng géc cua N 1én duong thang (d)

nén M l,l . Luc nay Mszl:Tmin.
22 2

< Cach 3: (Sir dung vecto két hop dao ham)
Xét cic vecto u=(a—b;b—Ina) va v=(1;1).

Ta c6: || <[ul[v| & |(a=b).1+ (b~ Ina).1|< J(a=b) +(b-tna) 1 +12.

2
—1
SuyraT:(a—b)2+(lna—b)22w.
Xéthamsé f(x)=x-Inx, f'(x)zl—lzo(:)le.
x
BBT:
X 10 1 +o0
f) - 0+
f(x)
\ 1 /

19
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Gia tri 16n nhat - gia tri nhé nhat cia biéu thirc hai bién so

1?1 o : 1. 1
Do d6 f(x)=1,Vx >0, nén T2?=5.VéyglétmnhénhétcﬁaTlﬁakhl azl;bza.
Vidu 6:

Cho x, y 1 céc sb thuc duong thay ddi thoa man x* + y® <2. Tim gi4 tri 16n nhit

ctia biéu thic A = x* + y?.

Giai:
. x3+y3s2<:)y3s2—x3<:)ysv32—x3.
. Vix,yduongnénx3+y3S2:>0<x<%/§.

DodéA=x2+y23x2+,3/(2—x3)2.
Xét ham s6 f(x)=x2+,3/(2—x3)2 Vi 0<x <32,

' 2.2 2x(m—x) x=0
U e R e “‘:{ﬁ

BBT:

o x=1M" 0<x<32).

X 0 1 2
f(x)

+ 0 -
fix) /2\

Dua vio bang bién thién, tasuyra A< f(x)<2.

Vay gid tri Ion nhat cia A 1A 2 khix=y=1.
Vidu 7:

Cho x, y 1a cdc sb thue duong thay doi théa man x + y =1. Tim gi4 tri nho nhit cia

bicu thirc A =x"+y’ +iz+iz.
Xy

Giai:

nghia_metal @yahoo.com
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Gia tri 16n nhat - gia tri nhé nhat cia biéu thirc hai bién so

s Cach 1: (Swr dung dao ham)

Tacd x+y=1=>y=1-x.Xét ham s6 f(x):x2+iz+(1—x)2+

> voi0<x< L.
X (1-x)
2 2 x3—(1—x)3
f'(x)=2x-2(1-x)——+ =0 (2x-1)+ =0
( ) ( ) x3 (1—_)()3 ( ) x'; 1_x)3
2x—1)(x* = x+1 2 _
(:)(2x—1)+( GG ’ ):0<:)(2x—1) it RN
x*(1-x) x(1=x) 2
BBT:
1
X 0 2 1

Dua vio bang bién thién ta c6 gid tri nho nhat

cﬁaAla?lgkhi x:yzl.
2 2

- 0 +
2
% Cach 2: (Sir dung bét ding thirc két hop dao ham)

Ta c6 A=x2+y2+i2+i2=(x2+y2) 1+ 212 >2xy| 1+ 212 =2xy+£.
Ay Ay Ay XY

. 1:x+y22\/5:>0<xyS%.

e Xét ham sb f(t):2t+2 V(')’i0<l‘S%.
t
Ta c6 f'(t):2—%<O,VO<ISl,suyra flr)=r N
t 4 4) 2
P S 17 1
Vay glatmnhonhatcuaAla?khl x=y:§.
v Cach 3: (Swr dung lugng gidc)

NPT Ns .z w . , /4
Tir gia thiét ciia bai todn, ta dat x =sin’¢; y=cos’t v6i 0<t<=.

. 1 . 1
Ta co A:x2+y2+—2+—2:s1n4t+cos4t+ — T
X7y sin“t cos't

21
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Gia tri 16n nhat - gia tri nhé nhat cia biéu thirc hai bién so

- 1—1sin22r 1+ 16 > 1—l 1+E =1—7.
2 sin® 2¢ 2 1 2

Vay gid tri nho nhit cua A 12 177

Dau “=" xay ra khi va chi khi sin2t:1:>t:% (vi O<t<§):>x:y:%.

Vi du 8: (Pé thi dai hoc du bi khéi B nam 2002)

Cho hai s6 thyc x, y duwong thay d6i thoa man di€u ki¢n x+y = R Tim gid tri nho nhat

cita bidu thire =%+,
x 4y
Giai:
s Cach 1: (Swr dung dao ham)
, 5 5 4 1
Taco x+y=—=y=—-x=>5=—+ .
4 4 x S5-4x
frs A 4 . 5
Xéthamso f(x)=—+ voi 0<x <=,
x 5-4x 4
=1
o 4 4 , . |7
Taco f'(x)=—st— T =0eo=(5-4) | 5
X (5—4x) X Zg (loai)
BBT:
> 5
X 0 1 4 Dua vao BBT, ta c¢6 f(x)ZS,VXE(O;Zj nén
(%)

- 0 +
S . =5khi x=1va y=—.
f(x) \ / o g 4
5

< Cach 2: (Sir dung bt ding thirc)
401 1 1.1 1 1 25 25
Tac) —+—=|—+—+—+—|+—2 =
x 4y 4y dx+dy 4(x+y)
x=4y {x:4
&

y=1

=5.

Ding thirc xay ra khi 5
X+ y= Z

Vay gid tri nho nhat ctia S bang Skhix=4 vay=1.
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Gia tri 16n nhat - gia tri nhé nhat cia biéu thirc hai bién so

Vidu9:

Cho hai sb thuc x, y khong 4m thay ddi thoa mén diéu kién x+y =1. Tim gid trj nhod

nhét va gid tri 16n nhét cua bidu thie A= >+
y+1 x+1
Giai:
s Cach 1: (Swr dung dao ham)
1_
x+y=l=y=1-x=>A= al —x.
2—x x+1
. 1- .
Xétham sé f(x)=——+—>= véi 0<x<I.
2—x x+1
2 2 1
Tacé f'(x)= 5= 5 :0<:)(x+1)2:(2—x)2<:)x:—
(2-x)" (x+1) 2

£(0)=£(1)=1; f@:;

Vay gid tri nho nhit cua A 12 % khi x =y =% va gid tri 16n nhat cia A 1a 1 khi x=0;y=1

hoac x=1;y=0.

% Cach 2: (Sir dung bét ding thirc két hop dao ham)
LY _x2+x+y2+y_(x+y)2—2xy+1_2—2xy
y+1 x+1 x+y+xy+1 24 Xxy 24xy

Taco A=

1
Miit khdc 1:x+y22@:>0s)¢ysz.

2-2 vc’riogsl.
2+t

Xétham s f(t)=

o

Tacé f'(t)=- - <0 v6imoi re {O;%} nén ham s f(r) nghich bién trén doan [0;%} .

(1+2)
23
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Gia tri 16n nhat - gia tri nhé nhat cia biéu thirc hai bién so

Do d6 milnf(t)zf(ljzé va max

0;—

1

B )
A .z . 5 A 5 N 2 . 1 N .z s 1z A 5 N .

Vay gia tri nho nhat cua A l1a 3 khi x=y= > va gidtri Ilon nhatcia Ala 1 khi x=0;y=1

hoac x=1;y=0.

s Cach 3: (Swr dung lugng gidc)

x+y=1 _ . .. L
Vi { y nén dit x =sin’z v y=cos’r voi te {0;5]

0<x;0<y
. 2 2 Ay ein?
Lic dé A = sin 12 cos:2 :8 2§1r; 2t:_2+ 2.42 .
l+cos“t 1+sin“t 8+sin” 2t 8+sin” 2¢
Suyra A>2-2+ 242=%khi sin2tzl<:)t=£vi te[O;E};
8+1> 3 4 2
t=0
VA< 2+- 2 Cikhisin2=0e| gvire|0X|.
8+0 t=— 2
2
Vay gid tri nho nhat cﬁaAlé%khi xzyzé va gid tri 16n nhat cia A 1a 1 khi x=0;y=1
hoac x=1;y=0.
(2 {RE}S)
-----------  § | D (—
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Gia tri 16n nhat - gia tri nhé nhat cia biéu thirc hai bién so
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